Abstract. In a recent paper [4] Smale posed as an important problem in complexity theory, characterization of the graph Gf of the Newtonian vector field Nf for a complex polynomial f. Such graphs are known to be connected and acyclic and Smale conjectured that these two properties completely characterize them. The purpose of this paper is to prove this conjecture, after adding an additional hypothesis (part 3 of the definition of "dynamic graph," 2). In additon we give an example and prove a proposition to show this is necessary (see "Counterexamples" in 2).
1. The Newtonian vector field. Given a smooth map f: Rn-R the Newtonian vector field for f, Nf, is defined by
Nf(x) -( Ofx )-'(f(x)).
Let bt" R" --> R" be the corresponding flow. Then a computation carried out below using the chain rule shows thatf(h,(x))= e-f(x). Thusf maps orbits of b, into rays pointing toward 0. This is essentially the geometric content to Newton's method for seeking zeros of f Alternatively, one defines Vy(x) -1/2 grad Ilf(x)ll 2---(Dfx)trf(x).
For conformal maps, and in particular analytic maps, of one complex variable (by the Cauchy-Riemann equations) the inverse of a matrix and its transpose differ only by a scalar multiple. Therefore, the vector fields Vy and Ny also differ only by a scalar multiple, except where (Df) -1 is undefined.
We next collect some facts for f a polynomial of one complex variable: Only the velocity of the flow toward _a is increased.
(e) (Gauss-Lucas Theorem). The convex hull of the sinks {a} contains the saddles { 0 }. The flow of Ny or Vy is inwardly transverse to any convex curve containing the { a}.
Proof of 2. To prove (a) we compute We have borrowed here from [3] and [1] where a desingularization of Newton's method is discussed in more variables as well.
2. Newtonian graphs and special terminology. Let f be a complex polynomial with {aj} its zeros and {0k} the zeros off' which are not zeros off. Let Vy= -f(z)f'(z) be the gradient vector field of f as in 1. Let WU(0k) be the "unstable manifold" of 0j, i.e., the union of all solutions which limit on 0k as --> -. Note that they in turn limit on some a or some other 0k, as t--> +. Define 
= {a} {0} w"(o).
Then Gy is a finite graph with distinguished vertices a, 0k and directed "edges" W"(0k).
For nonrepeated zeros 0k off', W" (0k) { 0k} is a smooth curve but in degenerated cases W"(0k) consists of 3 or more prongs.
The sinks aj of Gf have weights oj where aj is the multiplicity of aj.
Counterexamples. CE1 below is not homeomorphic to any Newtonian graph Gf, f a polynomial. CE2 is not isotopic to any such Gf. Examples. In our sketches we indicate the weights only if different from 1. 6. There is a polynomial P, monic and of degree n such that ((z-c)" Structural stability now follows from Peixoto's theorem (see Palis-de Melo [8] ).
In order for an abstract finite acyclic graph to be the Newtonian graph of a complex polynomial, it must have certain properties best described in dynamical terms. We proceed by induction on a. The graph {Vo} is realized by^the polynomial z. Thus assume we have a generic polynomial P, such that the graph G of P is isotopic to G. Let Let g(z)= zf(z). We claim that for c sufficiently large and certain A, IA 1, the graph of g is isotopic to G+I. In fact the field Vg on D differs from Vy only by the summand -1/z and this is essentially constant=-1/c. Thus for c >> 1, the part of the graph of g related to the zeros and saddles off is isotopic to by structural stability.
Note that the "ice-cream cone" region sketched below contains the zeros of g and hence the dynamics of Gg. It follows that the graph Gg of g consists of G together with a single edge added and that for c large, the saddle of this new edge is outside D. Now as A varies in the unit circle, the disk D and the dynamics of Vp rotates through a full circle as well, by structural stability. Thus our new edge arrives at any one of the entering orbits, for the appropriate choice of A. This is important below, but here we have more leeway, because there is an open set of orbits limiting on the sink v, and have the correct deployment with respect to .T hus for some choice of h the graph Gg of g is isotopic to G/I. This completes the inductive step and the proof of Theorem A. 4 . Nongeneric saddles and Theorem B. The purpose of this section is to prove Thoerem B. This uses the fact that our example 6 is the Newtonian graph of a complex polynomial which we prove as Lemma 4.1. Example 6 is used in the proof of Theorem B (implicitly) and in example 7, below. LEMMA 4.1. Given integers m, n and c C, there exists a monic polynomial P of degree n+m such that P(O)O for cO and ((z-c)mP(z))'=(n+m)z"(z-c) m-1.
Proof. This linear ODE reduces to (z-c)P'+ mP (n + m)z". We try a solution -biz and note that the coefficient of z is n + m on both sides. Proof. We proceed as before with v,, G c G by induction on a. Here, however, G/I is G with a multiple saddle attached at v, G. Suppose then that P is a polynomial yielding the graph G and that D is a disk around 0 containing all G (as above) and w, the field of P transverse to 0D. Let f(z) P (A(z-c) ). For simplicity we assume 0 is a zero of P, and set f(z)= P (A(z-c)) . Now G+I is G with a saddle edge added at the vertex v. Say the new unstable star has (n + 1) exiting edges, for some n >_-1. Then we want our next polynomial g to have derivative z'f'(z), or g(z)
w'f'(w)dw, some c C which we choose to be real. Here we use the same c as that in f(z)= P(A(z-c)). Then integrating by parts, In fact, by counting degrees we see that there are (k-1)! solutions. To see that these contain all of the isotopy classes we need a homotopy argument. First, we may as well suppose that the an's are numbered in their desired cyclic order. Next let a(t) be a path, 0 <= <-1, where a(0)=(1, 1,''', 1) and ce(1)--(Cel, 02,''" ak) and a,(t) aj(t) for #j and O< < l. Now by Lemma 4.1, above, there is a singular graph of weights 1, 1,..., 1, that is, the regular unstable star of k petals, and thus there is a solution an(0) n 1,..., k of the equation F<o 0. Then F<,) is an analytic isotopy of this algebraic function, so there is a unique arc of solutions {an(t)} to the equations F<t =0. This gives a 1-parameter path of functions f(z)= l"-[(z-an) a-, and Newtonian graphs Gt, whose end G1 has its weights in the correct order as Gt is an isotopy of graphs. The weights {an(t)} do vary with t, of course, but Gt is an isotopy of the graphs if we disregard weights. One could also interpret Gt as an isotopy of weighted graphs. The ft(z) are proper and their Newtonian graphs are acyclic, connected, etc.
5. The general case via Stiiilow's theorem. THEOREM C. Given an acyclic dynamic graph G c R there is a polynomial f such that the Newton graph Gf is isotopic to f
